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Abstract
In this paper, using the method of blow-up analysis, we obtained a Trudinger-Moser inequality
involving Lp-norm on a closed Riemann surface and proved the existence of an extremal function
for the corresponding Trudinger-Moser functional. This extends an early result of Yang [27].
Similar result in the Euclidean space was also established by Lu-Yang [17].
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1. Introduction
LetΩ ⊆ R2 be a smooth bounded domain andW1,2
0
(Ω) be the completion ofC∞
0
(Ω) under the
Sobolev norm ‖∇R2u‖2 = (
∫
Ω
|∇R2u|2dx)1/2, where ∇R2 is the gradient operator on R2 and ‖ · ‖2
denotes the standard L2-norm. The classical Trudinger-Moser inequality [31, 22, 21, 24, 18], as
a limit case of the Sobolev embedding, says
sup
u∈W1,2
0
(Ω), ‖∇
R2
u‖2≤1
∫
Ω
e βu
2
dx < +∞, ∀ β ≤ 4π. (1)
Moreover, 4π is called the best constant for this inequality in the sense that when β > 4π, all
integrals in (1) are still finite, but the supremum is infinite. It is interesting to know whether or
not the supremum in (1) can be attained. For this topic, we refer the reader to Carleson-Chang
[4], Flucher [10], Lin [16], Adimurthi-Struwe [2], Li [14, 15], Yang [26] and Lu-Yang [17].
There are many extensions of (1). Adimurthi-Druet [1] generalized (1) to the following form:
sup
u∈W1,2
0
(Ω),‖∇
R2
u‖2≤1
∫
Ω
e4πu
2(1+α‖u‖22)dx < +∞, ∀ 0 ≤ α < λ1(Ω), (2)
where λ1(Ω) is the first eigenvalue of the Laplacian with Dirichlet boundary condition in Ω.
This inequality is sharp in the sense that if α ≥ λ1(Ω), all integrals in (2) are still finite, but the
supremum is infinite. Obviously, (2) is reduced to (1) when α = 0. Various extensions of the
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inequality (2) were obtained by Yang [25, 28], Tintarev [23] and Zhu [32] respectively. It was
extended by Lu-Yang [17] to a version involving Lp-norm for any p > 1, namely
sup
u∈W1,2
0
(Ω),‖∇
R2
u‖2≤1
∫
Ω
e4π(1+α‖u‖
2
p)u2dx < +∞, ∀ 0 ≤ α < λp(Ω), (3)
where λp(Ω) = infu∈W1,2
0
(Ω),u.0 ‖∇R2u‖22/‖u‖2p. This inequality is sharp in the sense that all integrals
in (3) are still finite when α ≥ λp(Ω), but the supremum is infinite. Moreover, for sufficiently
small α > 0, the supremum is attained. Analogs of (3) are naturally expected for the cases of
do O´-de Souza [6, 8], Nguyen [19, 20], Li [12], Li-Yang [13], Zhu [33], Fang-Zhang [9] and
Yang-Zhu [29, 30].
Trudinger-Moser inequalities were introduced on Riemannian manifolds by Aubin [3], Cher-
rier [5] and Fontana [11]. In particular, let (Σ, g) be a closed Riemann surface, W1,2(Σ, g) the
completion of C∞(Σ) under the norm ‖u‖2
W1,2(Σ, g)
=
∫
Σ
(u2 + |∇gu|2) dvg, where ∇g stands for the
gradient operator on (Σ, g). Denote
H =
{
u ∈ W1,2(Σ, g) : ‖∇gu‖2 ≤ 1,
∫
Σ
u dvg = 0
}
.
Then there holds
sup
u∈H
∫
Σ
e βu
2
dvg < +∞, ∀ β ≤ 4π. (4)
Moreover, 4π is called the best constant for this inequality in the sense that when β > 4π, all
integrals in (4) are still finite, but the supremum is infinite. Based on the works of Ding-Jost-
Li-Wang [7] and Adimurthi-Struwe [2], Li [14, 15] proved the existence of extremals for the
supremum in (4). Later Yang [27] obtained the same inequality as (2) on a closed Riemann
surface:
sup
u∈H
∫
Σ
e4πu
2(1+α‖u‖2
2
)dvg < +∞, ∀ 0 ≤ α < λ1(Σ), (5)
where λ1(Σ) is the first eigenvalue of the Laplace-Beltrami operator with respect to the metric g.
This inequality is sharp in the sense that if α ≥ λ1(Σ), all integrals in (5) are still finite, but the
supremum is infinite. Furthermore, for sufficiently small α > 0, the supremum in (5) is attained.
In this paper, in view of (3), we expect (5) with ‖u‖2 replaced by ‖u‖p for any p > 1. Our
main result is now stated as follows:
Theorem 1. Let (Σ, g) be a closed Riemann surface. For any real number p > 1, we set
λp = inf
u∈W1,2(Σ, g),
∫
Σ
u dvg=0,u.0
‖∇gu‖22
‖u‖2p
(6)
and
Jαβ (u) =
∫
Σ
e βu
2(1+α‖u‖2p )dvg.
Then we have
(i) for any α ≥ λp, supu∈H Jα4π(u) = +∞;
(ii) for any 0 ≤ α < λp, supu∈H Jα4π(u) < +∞;
(iii) for sufficiently small α > 0, there exists a function uα ∈ H such that supu∈H Jα4π(u) = Jα4π(uα).
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Following the lines of Li [14], Yang [27] and Lu-Yang [17], we prove Theorem 1 by using the
method of blow-up analysis. The remaining part of this note is organized as follows: In Section
2, we prove (Theorem 1, (i)) by constructing test functions. In Section 3, we prove (Theorem 1,
(ii)) in three steps: firstly, the existence of maximizers for subcritical functionals supu∈H J
α
4π−ǫ (u)
is proved, and the corresponding Euler-Lagrange equation is given; secondly, the asymptotic
behavior of maximizer is given by blow-up analysis; finally, under the assumption that blow-up
occurs, we deduce an upper bound of supu∈H J
α
4π
(u). In Section 4, we construct a sequence of
functions to show (Theorem 1, (iii)) holds.
2. Proof of Part (i)
In this section, we select test functions to prove Part (i). Let λp be defined by (6) and α ≥ λp.
Following Yang [27], we get λp is attained by some function v0 ∈ W1,2(Σ, g) ∩C∞(Σ) satisfying∫
Σ
v0 dvg = 0 and
λp‖v0‖2p = ‖∇gv0‖22= 1. (7)
Consequently, there exist a point x0 ∈ Σ with v0(x0) > 0 and a neighborhood U of x0 with
v0(x) ≥ v0(x0)/2 in U . We take an isothermal coordinate system (φ−1(Bδ), φ) such that φ(x0) = 0
and φ−1(Bδ) ⊂ U. In such coordinates, the metric g has the representation g = e2 f (dx21 + dx22)
and f is a smooth function with f (0) = 0.
Let δ = t−1ǫ
√− log ǫ, where tǫ > 0 such that −t2ǫ log ǫ → +∞ and t2ǫ √− log ǫ → 0 as ǫ → 0.
We choose a continuous cut-off function η(x), which is equal to 0 in φ−1 (Bδ) and equal to 1 in
Σ\φ−1 (B2δ) such that η(x) ∈ C∞(Σ) and |∇η| ≤ 2/δ. Choosing some xδ ∈ Bδ with |xδ| = δ, we set
v¯ǫ (x) =

√
− log ǫ
2π
, |x| < ǫ,√
− log ǫ
2π
(
log δ − log |x|) − tǫ v¯0 (xδ) (log ǫ − log |x|)
log δ − log ǫ , ǫ ≤ |x| ≤ δ,
and
vǫ (x) =
 v¯ǫ ◦ φ, φ
−1 (Bδ) ,
tǫ
[
v¯0 (xδ) + η (x) (v0 (x) − v¯0 (xδ))] , Σ\φ−1 (Bδ) , (8)
where v¯0 = v0 ◦ φ−1. Taking v∗ǫ = vǫ −
∫
Σ
vǫ dvg/Area(Σ) such that
∫
Σ
v∗ǫ dvg = 0, we obtain∫
Σ
∣∣∣∇gv∗ǫ ∣∣∣2dvg =
∫
φ−1(Bδ)
∣∣∣∇gvǫ ∣∣∣2dvg + ∫
φ−1(B2δ)\φ−1(Bδ)
∣∣∣∇gvǫ ∣∣∣2dvg + ∫
Σ\φ−1(B2δ)
∣∣∣∇gvǫ ∣∣∣2dvg
=
2π
(
tǫ v¯0 (xδ) −
√
− log ǫ
2π
)2
log δ − log ǫ + t
2
ǫO(δ
2) + t2ǫ
(
1 + O(δ2)
)
= 1 − 2
√
−2π
log ǫ
tǫ v¯0 (xδ) (1 + o (1)) + t
2
ǫ
(
1 + O(δ2)
)
.
(9)
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Setting mǫ = v
∗
ǫ/‖v∗ǫ‖22 ∈ H . According to (7)-(9), we get
λp‖mǫ‖2p ≥
λp
‖∇gv∗ǫ‖22

(∫
Σ\φ−1(B2δ)
v
p
ǫ dvg
)2/p
+ O(δ2)

=
λpt
2
ǫ
‖∇gv∗ǫ‖22
(
‖v0‖2p + O(δ2)
)
= t2ǫ
(
λp‖v0‖2p + O(δ2)
) (
1 + O(t2ǫ )
)
= t2ǫ
(
1 + O(t2ǫ ) + O(δ
2)
)
.
On φ−1 (Bǫ), combining v¯0 (xδ) = v¯0(0) + o(1) and −t2ǫ log ǫ O(δ2) = O(1), we have
4π
(
1 + λp‖mǫ‖2p
)
m2ǫ =4π
(
1 + λp‖mǫ‖2p
) v2ǫ + O(δ2)
‖∇gv∗ǫ‖22
≥
(
−2 log ǫ + O(δ2)
) (
1 + t2ǫ
(
1 + O(t2ǫ ) + O(δ
2)
))
×
1 + 2
√
−2π
log ǫ
tǫ v¯0 (xδ) (1 + o (1)) − t2ǫ
(
1 + O(δ2)
)
= − 2 log ǫ +Ctǫ
√
− log ǫ v¯0 (0) (1 + o (1)) + O (1) .
Hence there holds ∫
Σ
e4π(1+λp‖mǫ‖
2
p)m2ǫ dvg ≥ Cetǫ
√
− log ǫ v¯0(0)(1+o(1)) → +∞
as ǫ → 0, where C > 0 is independent of ǫ. Obviously, supu∈H Jα4π(u) ≥ limǫ→0 Jα4π(mǫ) = +∞
when α ≥ λp.
3. Proof of Part (ii)
Under the condition of 0 ≤ α < λp, we first prove the existence of maximizers for subcritical
functionals supu∈H J
α
4π−ǫ(u) and give the corresponding Euler-Lagrange equation. Then we give
the asymptotic behavior of maximizer by means of blow-up analysis. Finally, we derive an upper
bound of supu∈H J
α
4π
(u) for the occurrence of blow-up.
3.1. Existence of maximizers for subcritical functionals.
Lemma 1. Let 0 ≤ α < λp. For any ǫ > 0, there exists some function uǫ ∈ H ∩ C∞(Σ) such that
Jα4π−ǫ(uǫ) = sup
u∈H
Jα4π−ǫ(u).
Since the proof of Lemma 1 is completely analogous to that of ([27], Lemma 3.2), we omit
it in this paper. Moreover, we derive the Euler-Lagrange equation of uǫ by a direct calculation,
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namely 
∆guǫ =
βc
λǫ
uǫe
αǫu
2
ǫ + γǫ‖uǫ‖2−pp |uǫ |p−2uǫ −
µǫ
λǫ
,∫
Σ
uǫ dvg = 0,
∥∥∥∇guǫ∥∥∥2 = 1,
αǫ = (4π − ǫ)
(
1 + α ‖uǫ‖2p
)
,
βǫ =
(
1 + α ‖uǫ‖2p
)
/
(
1 + 2α ‖uǫ‖2p
)
,
γǫ = α/
(
1 + 2α ‖uǫ‖2p
)
, λǫ =
∫
Σ
u2ǫe
αǫu
2
ǫ dvg,
µǫ =
(
βǫ
∫
Σ
uǫe
αǫu
2
ǫ dVg + λǫγǫ‖uǫ‖2−pp
∫
Σ
|uǫ |p−2uǫ dvg
)
/Area(Σ),
(10)
where ∆g denotes the Laplace-Beltrami operator. From Lebesgue’s dominated convergence the-
orem and the nature of supremum, it is easy to get that
lim
ǫ→0
Jα4π−ǫ (u) = J
α
4π(u). (11)
Lemma 2. Let λǫ be defined by (10), then we have lim infǫ→0 λǫ > 0.
Proof. Using the fact et 6 1 + tet for any t > 0, we have
λǫ =
∫
Σ
u2ǫe
αǫu
2
ǫ dvg >
1
αǫ
∫
Σ
(eαǫu
2
ǫ − 1) dvg.
Together with the fact that αǫ is bounded, (1) and (11), we imply the lemma.
Lemma 3. µǫ/λǫ is bounded.
Proof. According to (10), the fact of βǫ ≤ 1 and Lemma 2, we have∣∣∣∣∣µǫλǫ
∣∣∣∣∣ ≤ 1Area (Σ)
(
βǫ
λǫ
∫
|uǫ |≥1
uǫe
αǫu
2
ǫ dvg +
βǫ
λǫ
∫
|uǫ |<1
uǫe
αǫu
2
ǫ dvg + γǫ‖uǫ‖2−pp
∫
Σ
|uǫ |p−2uǫ dvg
)
≤ 1
Area (Σ)
(
1 +
eαǫ
λǫ
Area (Σ) + γǫ‖uǫ‖2−pp
∫
Σ
|uǫ |p−2uǫ dvg
)
≤ C.
3.2. Blow-up analysis
We now perform the blow-up analysis on uǫ . Here and in the sequel, we do not distinguish
sequence and subsequence. Since uǫ ∈ H , there exists some function u0 such that uǫ ⇀ u0
weakly in W1,2(Σ, g) and uǫ → u0 in Lq(Σ, g) as ǫ → 0. With no loss of generality, we assume
in the following, cǫ = |uǫ (xǫ) | = maxΣ uǫ → +∞ and xǫ → x0 as ǫ → 0.
Lemma 4. There hold u0 = 0 and |∇guǫ |2dvg ⇀ δx0 in sense of measure, where δx0 is the usual
Dirac measure centered at x0.
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Proof. Suppose u0 . 0, we can see that 0 < η := ‖∇gu0‖22 ≤ 1. Hence ‖∇g (uǫ − u0)‖22 → 1−η < 1
and 1 + α ‖uǫ‖2p → 1 + α ‖u0‖22 ≤ 1 +
∥∥∥∇gu0∥∥∥2p = 1 + η. For sufficiently small ǫ, we obtain
(1 + α ‖uǫ‖2p)‖∇g (uǫ − u0)‖22 6 (2 − η2)/2 < 1. By the Ho¨lder inequality, there holds∫
Σ
eqαǫu
2
ǫ dvg 6
∫
Σ
eqαǫ (1+1/δ)u
2
0
+qαǫ (1+δ)(uǫ−u0)2dvg
6
(∫
Σ
erqαǫ (1+1/δ)u
2
0dvg
) 1
r

∫
Σ
e
sq(1+δ)(4π−ǫ)(1+α‖uǫ ‖2p)‖∇g(uǫ−u0)‖22
(uǫ−u0)2
‖∇g(uǫ−u0)‖22 dvg

1
s
6 C

∫
Σ
e
sq(1+δ)(4π−ǫ)
(
2−η
2
) (uǫ−u0)2
‖∇g(uǫ−u0)‖22 dvg

1
s
for δ > 0, r, s, q > 1 satisfying 1/r + 1/s = 1 and sq (1 + δ) (2 − η) < 2. From the Trudinger-
Moser inequality (4), we get eαǫu
2
ǫ is bounded in Lq (Σ, g). Hence ∆guǫ is bounded in some
Lq (Σ, g) from (10). Applying the elliptic estimate to (10), one gets uǫ is uniformly bounded,
which contradicts cǫ → +∞. Therefore, the assumption is not established.
Suppose |∇guǫ |2dvg ⇀ µ , δx0 in sense of measure. There exists some r0 > 0 such that
limǫ→0
∫
Br0 (x0)
∣∣∣∇guǫ ∣∣∣2dvg = η < 1. For sufficiently small ǫ, we can see that ∫Br0 (x0)
∣∣∣∇guǫ ∣∣∣2dvg 6
(η+1)/2 < 1. We take an isothermal coordinate system (U, φ) near x0 such that φ(x0) = 0. In such
coordinates, the metric g has the representation g = e2 f (dx2
1
+ dx2
2
) and f is a smooth function
with f (0) = 0. Denote u¯ǫ = uǫ ◦ φ−1. Then we choose a cut-off function ψ in C10
(
φ
(
Br0(x0)
))
,
which is equal to 1 in φ
(
Br0/2(x0)
)
such that ‖∇g (ψu¯ǫ) ‖226 (η + 3)/4 < 1. Hence we obtain∫
Br0/2(x0)
eαǫqu
2
ǫ dvg =
∫
φ(Br0/2(x0))
eαǫqu¯
2
ǫ e2 fdx
≤ C
∫
φ(Br0 (x0))
eαǫq(ψu¯ǫ )
2
dx
≤ C
∫
φ(Br0 (x0))
e
αǫq
η+3
4
(ψu¯ǫ )
2
‖∇g(ψu¯ǫ )‖22 dx.
From the Trudinger-Moser inequality (4), we get eαǫu
2
ǫ is bounded in Lq
(
Br0/2(x0), g
)
for any
q > 1 satisfying q(η + 3)/4 ≤ 1. Applying the elliptic estimate to (10), one gets uǫ is uniformly
bounded in Br0/4 (x0), which contradicts cǫ → +∞. Therefore, Lemma 4 follows.
Now we analyse the asymptotic behavior of uǫ near the concentration point x0.
Lemma 5. Let
r2ǫ =
λǫ
βǫc2ǫe
αǫc
2
ǫ
. (12)
Then for any positive integer k, there holds limǫ→0 r2ǫ c
k
ǫ = 0.
6
Proof. Using the Ho¨lder inequality, (5) and (10), we have
r2ǫ c
k
ǫ =
λǫ
βǫc
2−k
ǫ e
αǫc
2
ǫ
≤
∫
Σ
ukǫe
(1−δ)αǫu2ǫ dvg
βǫe(1−δ)αǫc
2
ǫ
≤ 1
βǫe(1−δ)αǫc
2
ǫ
(∫
Σ
ukrǫ dvg
) 1
r
(∫
Σ
e(1−δ)sαǫu
2
ǫ dvg
) 1
s
≤ C
βǫe(1−δ)αǫc
2
ǫ
(∫
Σ
ukrǫ dvg
) 1
r
for any 0 < δ < 1, 1/r + 1/s = 1 and some constant C depending on δ and s. Then the lemma
follows from Lemma 4 immediately.
We take an isothermal coordinate system (U, φ) near x0 such that φ(x0) = 0. In such coor-
dinates, the metric g has the representation g = e2 f (dx2
1
+ dx2
2
) and f is a smooth function with
f (0) = 0. Denote u¯ǫ = uǫ ◦ φ−1, x¯ǫ = φ(xǫ) and Uǫ = {x ∈ R2 : x¯ǫ + rǫ x ∈ φ (U)}. Then
Uǫ → R2 as ǫ → 0 from Lemma 5. Define two blowing up functions in Uǫ
ψǫ(x) =
u¯ǫ (x¯ǫ + rǫ x)
cǫ
(13)
and
ϕǫ (x) = cǫ (u¯ǫ (x¯ǫ + rǫ x) − cǫ) . (14)
By (10) and (12)-(14), a direct computation shows
−∆R2ψǫ =
(
c−2ǫ ψǫe
αǫ (ψǫ+1)ϕǫ + c
p−2
ǫ r
2
ǫγǫ‖uǫ‖2−pp |ψǫ |p−2ψǫ −
r2ǫµe
cǫλǫ
)
e2 f (x¯ǫ+rǫ x) (15)
and
−∆R2ϕǫ =
(
ψǫe
αeϕǫ (1+ψǫ ) + c
p
ǫ r
2
ǫ γǫ‖uǫ‖2−pp |ψǫ |p−2ψǫ −
cǫr
2
ǫ µǫ
λǫ
)
e2 f (x¯ǫ+rǫ x), (16)
where ∆R2 denotes the Laplace operator on R
2.
Noticing (15), (16) and using the same argument as [27], we lead to
lim
ǫ→0
ψǫ = 1 in C
1
loc(R
2) (17)
and
lim
ǫ→0
ϕǫ = ϕ in C
1
loc(R
2), (18)
where ϕ satisfies −∆R2ϕ = e8πϕ and ϕ (0) = 0 = supR2 ϕ. By the standard uniqueness result of
the ordinary differential equation, there holds
ϕ (x) = − 1
4π
log(1 + π|x|2). (19)
It follows that ∫
R2
e8π(1+β)ϕ|x|2βdx = 1. (20)
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Next we discuss the convergence behavior of uǫ away from x0. Denote uǫ, β = min{ βcǫ , uǫ} ∈
W1,2 (Σ, g) for any real number 0 < β < 1. Following ([27], Lemma 4.5), we get
lim
ǫ→0
∥∥∥∇guǫ, β∥∥∥22 = β. (21)
Lemma 6. Letting λǫ be defined by (10), we obtain
lim sup
ǫ→0
Jα4π−ǫ (uǫ) = Area(Σ) + lim
ǫ→0
λǫ
c2ǫ
= Area(Σ) + lim
R→+∞
lim
ǫ→0
∫
φ−1(BRrǫ (x¯ǫ ))
eαǫu
2
ǫ dvg.
Proof. Recalling (10) and (21), for any real number 0 < β < 1, one gets
Jα4π−ǫ (uǫ) − Area(Σ) =
∫
{x∈Σ: uǫ≤βcǫ }
(eαǫu
2
ǫ − 1) dvg +
∫
{x∈Σ: uǫ>βcǫ }
(eαǫu
2
ǫ − 1) dvg
≤
∫
Σ
(eαǫu
2
ǫ, β − 1) dvg +
u2ǫ
β2c2ǫ
∫
{x∈Σ: uǫ>βcǫ }
eαǫu
2
ǫ dvg
≤
∫
Σ
eαǫu
2
ǫ, βαǫu
2
ǫ dvg +
λǫ
β2c2ǫ
≤
(∫
Σ
erαǫu
2
ǫ, βdvg
)1/r (∫
Σ
αsǫu
2s
ǫ dvg
)1/s
+
λǫ
β2c2ǫ
.
By (5) and (21), eαǫu
2
ǫ, β is bounded in Lr (Σ, g) for some r > 1. Then letting ǫ → 0 first and then
β → 1, we obtain
lim sup
ǫ→0
Jα4π−ǫ (uǫ) − Area(Σ) ≤ lim sup
ǫ→0
λǫ
c2ǫ
.
According to (10), we have
lim sup
ǫ→0
Jα4π−ǫ (uǫ) − Area (Σ) ≥ lim inf
ǫ→0
∫
Σ
u2ǫ
c2ǫ
eαǫu
2
ǫ dvg − lim
ǫ→0
1
c2ǫ
∫
Σ
u2ǫ dvg = lim inf
ǫ→0
λǫ
c2ǫ
.
Then there holds
lim sup
ǫ→0
Jα4π−ǫ (uǫ) = Area(Σ) + lim
ǫ→0
λǫ
c2ǫ
.
Applying (10) and (12)-(14), one has∫
φ−1(BRrǫ (x¯ǫ ))
eαǫu
2
ǫ dvg =
∫
BRrǫ (x¯ǫ )
eαǫu
2
ǫ (x)e2 f (x)dx
=
∫
BR(0)
r2ǫ e
αǫc
2
ǫ (x)eαǫ (ψǫ (x)+1)ϕǫ (x)e2 f (x¯ǫ+rǫ x)dx
=
∫
BR(0)
λǫ
βǫc2ǫ
eαǫ (ψǫ (x)+1) ϕǫ (x)e2 f (x¯ǫ+rǫ x)dx.
Combining (17)-(20), we get
lim
R→+∞
lim
ǫ→0
∫
φ−1(BRrǫ (x¯ǫ ))
eαǫu
2
ǫ dvg = lim
ǫ→0
λǫ
c2ǫ
.
Summarizing, we lead to the lemma.
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Next we consider the properties of cǫuǫ . Using the similar idea of ([27], Lemma 4.7), we get
βǫ
λǫ
cǫuǫe
αǫu
2
ǫ dvg ⇀ δx0 . (22)
We also need the following result belonging to [27]:
Lemma 7. Assume u ∈ C∞(Σ) is a solution of ∆gu = f (x) in (Σ, g) and satisfies ‖u‖1 ≤ c0‖ f ‖1.
Then for any 1 < q < 2, there holds ‖∇gu‖q ≤ C (q, c0,Σ, g) ‖ f ‖1.
Lemma 8. For any 1 < q < 2, cǫuǫ is bounded in W
1,q(Σ, g). Moreover, there holds

cǫuǫ ⇀ G weakly in W
1,q (Σ, g) , ∀1 < q < 2,
cǫuǫ → G strongly in Ls (Σ, g) , ∀1 < s < 2q
2 − q ,
cǫuǫ → G in C1loc (Σ\ {x0}),
where G is a Green function satisfying
∫
Σ
Gdvg = 0 and
∆gG = δx0 + α‖G‖2−pp |G|p−2G −
1
Area (Σ)
(
1 + α‖G‖2−pp
∫
Σ
|G|p−2G dvg
)
. (23)
Proof. By (10), there holds
∆g (cǫuǫ) =
βǫ
λǫ
cǫuǫe
αǫu
2
ǫ + γǫ‖cǫuǫ‖2−pp |cǫuǫ |p−2 cǫuǫ − cǫ
µǫ
λǫ
. (24)
According to (10), (22) and Ho¨lder inequality, we have∣∣∣∣∣cǫµǫλǫ
∣∣∣∣∣ = 1Area (Σ)
(∫
Σ
cǫβǫ
λǫ
uǫe
αǫu
2
ǫ dvg + cǫγǫ‖uǫ‖2−pp
∫
Σ
|uǫ |p−2uǫ dvg
)
≤ 1
Area (Σ)
(
1 + oǫ (1) + γǫ‖cǫuǫ‖2−pp
∫
Σ
|cǫuǫ |p−2cǫuǫ dvg
)
≤ 1
Area (Σ)
(
1 + oǫ (1) + ‖cǫuǫ‖pγǫArea (Σ)
1
p
)
.
(25)
We claim that ‖cǫuǫ‖p is bounded. Suppose not, we can assume ‖cǫuǫ‖p → +∞ as ǫ → 0. Let
wǫ = cǫuǫ/ ‖cǫuǫ‖p ∈ W1,2(Σ, g). Then ‖wǫ‖p = 1,
∫
Σ
wǫdvg = 0 and
∆gwǫ =
1
‖cǫuǫ‖p
βǫ
λǫ
cǫuǫe
αǫu
2
ǫ + γǫ |wǫ |p−2 wǫ − 1‖cǫuǫ‖p
cǫµǫ
λǫ
. (26)
From (25), one gets ∣∣∣∣∣∣ 1‖cǫuǫ‖p cǫµǫλǫ
∣∣∣∣∣∣ ≤ αArea (Σ) 1−pp + oǫ (1) .
Then we obtain ∆gwǫ is bounded in L
1(Σ, g). According to Lemma 7, we have wǫ is bounded in
W1,q(Σ, g) for any 1 < q < 2. Then there exists w satisfying wǫ ⇀ w weakly in W
1, q(Σ, g) and
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wǫ → w strongly in Ls(Σ, g) for any 1 < s < 2q/(2 − q). Testing (26) with φ ∈ C1(Σ), letting
ǫ → 0 and combining (22), we get∫
Σ
∇gφ∇gwdvg = α
∫
Σ
φ |w|p−2 wdvg −
α
∫
Σ
|w|p−2wdvg
Area (Σ)
∫
Σ
φ dvg. (27)
Since 0 ≤ α < λp and (27), one derives that w ≡ 0, which contradicts the fact of ‖w‖p = 1. Hence
‖cǫuǫ‖p is bounded.
According to this and (25), we have ∆g (cǫuǫ) is bounded in L
1(Σ, g). Again by Lemma
7, there holds cǫuǫ is bounded in W
1,q(Σ, g) for any 1 < q < 2. It is easy to get cǫuǫ ⇀
G weakly in W1,q (Σ, g) for any 1 < q < 2 and cǫuǫ → G strongly in Ls (Σ, g) for any 1 < s <
2q/(2 − q).
We choose a cut-off function ρ in C∞ (Σ), which is equal to 0 in Bδ(x0) and equal to 1 in
Σ\B2δ(x0) such that limǫ→0 ‖∇g (ρuǫ)‖22 = 0. Hence there holds∫
Σ\B2δ(x0)
esαǫu
2
ǫ dx 6
∫
Σ\B2δ(x0)
e
sαǫ‖∇g(ρuǫ )‖22
ρ2u2ǫ
‖∇g(ρuǫ )‖22 dx.
From the Trudinger-Moser inequality (4), eαǫu
2
ǫ is bounded in Ls (Σ, g) for some s > 1. Apply-
ing the elliptic estimate and the compact embedding theorem to (24), we obtain cǫuǫ → G in
C1
loc
(Σ\ {x0}) . Testing (24) by φ ∈ C1 (Σ), we lead to (23) follows.
Applying the elliptic estimate, we can decomposeG as the form:
G = − 1
2π
log |r| + Ax0 + σ(x), (28)
where r = dist(x, x0), Ax0 is a constant and σ(x) ∈ C∞(Σ) with σ(x0) = 0.
3.3. Upper bound estimate
Lemma 9. Under the hypotheses cǫ → +∞ and xǫ → x0 ∈ Σ, there holds
sup
u∈H
Jα4π(u) ≤ Area(Σ) + πe1+4πAx0 .
Proof. To derive an upper bound of supu∈H J
α
4π
(u), we use the capacity estimate, which was first
used by Li [14] in this topic. We take an isothermal coordinate system (U, φ) near x0 such that
φ(x0) = 0. In such coordinates, the metric g has the representation g = e
2 f (dx2
1
+ dx2
2
) and f is a
smooth function with f (0) = 0. Denote u¯ǫ = uǫ ◦ φ−1.
We claim that
lim
ǫ→0
λǫ
c2ǫ
≤ πe1+4πAx0 . (29)
To confirm this claim, we set Wa,b :=
{
u¯ǫ ∈ W1,2 (Bδ \ BRrǫ ) : u¯ǫ(δ) = a, u¯ǫ (Rrǫ) = b} for some
small δ ∈ (0, 1) and some fixed R > 0. According to (18), (19), (28) and Lemma 8, one gets
a =
1
cǫ
(
1
2π
log
1
δ
+ Ax0 + oδ(1) + oǫ(1)
)
and
b = cǫ +
1
cǫ
(
− 1
4π
log(1 + πR2) + oǫ (1)
)
,
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where oδ(1)→ 0, oǫ(1)→ 0 as ǫ → 0 . From a direct computation, there holds
2π (a − b)2 = 2πc2ǫ + 2 log δ − 4πAx0 − log(1 + πR2) + oδ (1) + oǫ (1) . (30)
From the direct method of variation, it is easy to see that infu∈Wa,b
∫
Rrǫ≤|x|≤δ |∇R2u|
2dx can be
attained by m(x) ∈ Wa,b with ∆R2m (x) = 0. We can check that
m (x) =
a
(
log |x| − log (Rrǫ)) + b (log δ − log |x|)
log δ − log (Rrǫ )
and ∫
Rrǫ≤|x|≤δ
|∇R2m (x) |2dx =
2π (a − b)2
log δ − log (Rrǫ ) . (31)
Recalling (10) and (12), we have
log δ − log (Rrǫ ) = log δ − logR − 1
2
log
λǫ
c2ǫ
+ 2πc2ǫ + oǫ(1). (32)
Letting u∗ǫ = max {a, min {b, u¯ǫ}} ∈ Wa,b, one gets
∣∣∣∇R2u∗ǫ ∣∣∣ ≤ |∇R2 u¯ǫ | in Bδ\BRr1/(1+β)ǫ for suffi-
ciently small ǫ. According to these and Lemma 1, we obtain∫
Rrǫ≤|x|≤δ
|∇R2m (x) |2dx ≤
∫
Rrǫ≤|x|≤δ
|∇R2u∗ǫ (x) |2dx
≤
∫
Rrǫ≤|x|≤δ
|∇R2 u¯ǫ (x) |2dx
≤ 1 −
∫
Σ\φ−1(Bδ)
∣∣∣∇guǫ ∣∣∣2dvg − ∫
φ−1(BRrǫ )
∣∣∣∇guǫ ∣∣∣2dvg.
(33)
Now we compute
∫
Σ\φ−1(Bδ)
∣∣∣∇guǫ ∣∣∣2dvg and ∫φ−1(BRrǫ ) ∣∣∣∇guǫ ∣∣∣2dvg. Integration by parts and (28) lead
to ∫
Σ\φ−1(Bδ)
|∇gG|2dvg = − 1
2π
log δ + Ax0 + α‖G‖22 + oǫ (1) + oδ (1) .
According to (14), (18) and (19), one gets∫
φ−1(BRrǫ )
∣∣∣∇guǫ ∣∣∣2dvg = 1
c2ǫ
(
1
4π
log(1 + πR2) − 1
4π
+ oǫ (1) + oR (1)
)
, (34)
where oR (1)→ 0 as R → +∞. In view of (30)-(34), we have
log
λǫ
c2ǫ
≤ logπ + 1 + 4πAx0 + o(1),
where o (1) → 0 as ǫ → 0 first, then R → +∞ and δ → 0. Hence (29) is followed. From (29)
and Lemma 6, we lead to the lemma.
The proof of (ii) follows immediately from Lemma 9 under the hypothesis of cǫ → +∞.
When |cǫ | ≤ C, using Lebesgue’s dominated convergence, we get
Jα4π(u0) = sup
u∈H
Jα4π(u). (35)
And it is easy to see u0 ∈ H . Therefore, Part (ii) holds.
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4. Proof of Part (iii)
The content in this section is carried out under the hypotheses 0 ≤ α < λp, cǫ → +∞ and
xǫ → x0 ∈ Σ. Set a cut-off function ξ ∈ C∞0 (B2Rǫ(x0)) with ξ = 1 on BRǫ(x0) and ‖∇ξ‖L∞ =
O((Rǫ)−1). Denote τ = G + (2π)−1 log r − Ax0 , where G is defined as (28). Let R = − log ǫ, then
R → +∞ and Rǫ → 0 as ǫ → 0. We construct a blow-up sequence
vǫ =

c2 − log(1+
πr2
ǫ2
)
4π
+ B√
c2 + α‖G‖2p
, r ≤ Rǫ,
G − ξτ√
c2 + α‖G‖2p
, Rǫ < r < 2Rǫ,
G√
c2 + α‖G‖2p
, r ≥ 2Rǫ,
(36)
where r = dist(x, x0) ≥ 0 and B, c are constants to be determined later. In order to assure that
vǫ ∈ H ∩ C∞(Σ), we obtain
c2 − 1
4π
log(1 + πR2) + B = − 1
2π
log(Rǫ) + Ax0 ,
that is to say,
c2 =
1
4π
log π − B − 1
2π
log ǫ + Ax0 + O(R
−2). (37)
From ‖∇gvǫ‖2 = 1, there holds
c2 = Ax0 −
log ǫ
2π
+
log π
4π
− 1
4π
+ O(R−2) + O(Rǫ log(Rǫ)) + oǫ (1) . (38)
According to (37) and (38), one gets
B =
1
4π
+ O(R−2) + O(Rǫ log(Rǫ)) + oǫ (1) . (39)
A delicate and simple calculation shows
‖vǫ‖2p =
‖G‖2p + O
(
Rǫ log (Rǫ)
)
c2 + α‖G‖2p
≥
‖G‖2p + O(Rǫ log(Rǫ))
c2
1 − α‖G‖2pc2
 . (40)
It follows that on (BRǫ (x0) , g)
4πv2ǫ (1 + α‖vǫ‖2p) ≥ 4πc2 − 2 log
(
1 + π
r2
ǫ2
)
+ 8πB −
4πα2‖G‖4p
c2
+ O
(
logR
c4
)
.
Setting v∗ǫ =
∫
Σ
vǫdvg/Area(Σ), one gets v
∗
ǫ = O((Rǫ)
2 log ǫ). Hence by (37)-(40), there holds
∫
BRǫ (x0)
e4π(vǫ−v
∗
ǫ )
2(1+α‖vǫ−v∗ǫ ‖22) dvg ≥ πe1+4πAx0 −
4πα2‖G‖4p
c2
e1+4πAx0 + O
(
logR
c4
)
+ O
(
log log ǫ
R2
)
.
(41)
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On the other hand, from the fact of et ≥ t + 1 for any t > 0 and (36), we get∫
Σ\BRǫ (x0)
e4π(vǫ−v
∗
ǫ )
2(1+α‖vǫ−v∗ǫ‖22) dvg ≥
∫
Σ\B2Rε(x0)
(1 + 4π(vǫ − v∗ǫ )2) dvg
≥ Area (Σ) + 4π‖G‖
4
2
c2
+ O
(
logR
c4
)
+ O (Rǫ) .
(42)
From (41) and (42), there holds
∫
Σ
e4π(vǫ−v
∗
ǫ )
2(1+α‖vǫ−v∗ǫ ‖22) dvg ≥Area (Σ) + πe1+4πAx0 +
4π‖G‖2
2
c2
1 − πα2‖G‖4p‖G‖2
2
e1+4πAx0

+ O
(
log log ǫ
R2
)
+ O
(
logR
c4
)
+ O (Rǫ) .
According to R = − log ǫ and (37), we obtain
Jα4π(vǫ − v∗ǫ ) > Area (Σ) + πe1+4πAx0 (43)
for sufficiently small α and ǫ. The contradiction between (11) and (43) indicates that cǫ must be
bounded when α is sufficiently small. Obviously, u0 is the extremal function under the assump-
tion that cǫ is bounded from (35). Therefore, we lead to Part (iii). 
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